Abstract. This paper focuses on multiple bifurcations of a cylindrical dynamical system, which is evolved from a rotating pendulum with SD oscillator. The rotating pendulum system exhibits the coupling dynamics property of the bistable state and conventional pendulum with the homoclinic orbits of the first and second type. A double Andronov-Hopf bifurcation, two saddle-node bifurcations of periodic orbits and a pair of homoclinic bifurcations are detected by using analytical analysis and numerical calculation. It is found that the homoclinic orbits of the second type can bifurcate into a pair of rotational limit cycles, coexisting with the oscillating limit cycle. Additionally, the results obtained herein, are helpful to explore different types of limit cycles and the complex dynamic bifurcation of cylindrical dynamical system.
Introduction
The cylindrical dynamical system [1, 2, 3] has received a resurgence of attention in recent years, owing to the wide range of application in civil, military and industrial applications, such as horologium, robot [4] , pendulum absorber [5] , gas turbine rotors [6] , as well. It is well known, that the conventional pendulum is a typically cylindrical dynamical system, which is among the most widely investigated motions in physics and many nonlinear phenomena in the real world. Galileo found the law of isochronism through classical experiments in the 16th century, which marked the beginning of the scientific research of cylindrical pendulum. In the 17th century, Huygens discovered the periodicity of large swings, deviating from the law isochronism, which is one of the earliest records of cylindrical pendulum. In modern time, many kinds of pendulum-like system or systems containing the pendulum have been proposed and investigated, which greatly enrich the research content of cylindrical dynamical system. For example, the chaotic dynamics and subharmonic bifurcations in a pendulum-like system were studied in [7] . The approximate analytical solutions for oscillatory and rotational motion of a parametric pendulum were discussed in [8] . The bifurcation in an inverted pendulum with the high frequency excitation was proved by using analytical and experimental investigations in [9] . Subharmonic and homoclinic bifurcations in a parametrically forced pendulum was studied in [10] . Recently, a rotating pendulum linked by an oblique spring with fixed end has been proposed and investigated in [11] . This system is a cylindrical dynamical system with irrational characters, whose free motion is similar to the conventional pendulum coupled with SD oscillator [12, 13, 14] of the homoclinic orbits of the first and second type. The authors introduce a cylindrical approximate system, for which the analytical solutions can be obtained successfully to reflect the nature of the rotating pendulum system, without barrier of the irrationalities [15] . Then, the chaotic boundary of discontinuous case with a pair of heteroclinic-like orbits [16] are obtained by using semi-analytical method. Throughout the hot research topics of cylindrical dynamical system, very few attempts have been made in reporting the oscillating and rotational limit cycles of the autonomous system, which is of fundamental importance to reveal the essential phenomenology of cylindrical dynamical system from the view of nonlinear science and may be helpful to explore directly the bifurcation of the cylindrical dynamical system avoiding Taylor's expansion.
The aim of this paper is to start exploring multiple bifurcations of a cylindrical dynamical system, which is evolved from a rotating pendulum linked by a vertical spring with sliding end under a nonlinear perturbation. The other motivation of this work is to provide a typical example to reveal the cylindrical phenomena by means of the results obtained herein. Particularly, it is found that the homoclinic orbits of the second type can bifurcate into a pair of rotational limit cycles coexisting with the oscillating limit cycle. This paper is organized as follows: In Section 2, the mathematical model for the cylindrical pendulum system with a nonlinear perturbation is developed. In the following section, Section 3, the unperturbed dynamics of the pendulum system is directly analyzed by using nonlinear dynamical technique. While in Section 4, a double Andronov-Hopf bifurcation, two saddle-node bifurcations of periodic orbits and a pair of homoclinic bifurcations are investigated by using analytical analysis and numerical calculation. Finally this paper is ended with conclusions.
Cylindrical dynamical system
Consider the simple model which comprises a rotating pendulum linked by a vertical spring with sliding end, as shown in Fig. 1 . It is assumed to oscillate or rotate in the vertical plane. The equation of motion is given by:
(1) mL
where the dot denotes derivative with respect to t, x is the angular displacement, m and L are the lump mass and pendulum length, k and l are the stiffness and relax length of the spring, h is the height between A and B. Again, system (1) can be written as:
..
From the mathematical perspective, parameters α and β can be regarded as mutually independent. From a physical standpoint, parameter α defines the x, the forced dissipative system can be derived as a two dimensional one:
where ξ and δ are positive small parameters. Letting X = cos x, Y = sin x, Z = y, system (3) can be re-written in the following cylindrical form:
.
It is noticing that the perturbation term (−ξ + δX 2 )Z in system (4) is similar to the Vanderpol oscillator [17, 18] .
Unperturbed dynamics
In this section, the unperturbed dynamics of the rotating pendulum system including the equilibria, Hamiltonian function, homoclinic orbits and phase portraits are discussed by using nonlinear dynamical technique, respectively.
The unperturbed system (2) can be written as a two dimensional one:
of which the equilibria can be easily obtained by letting sin x (α + β cos x) = 0:
where (x 4,5 , y 4,5 ) exist only for |−α/β | < 1. It is worth reiterating here that system (2) bears significant similarities to conventional pendulum system for |α| ≥ β. The Hamiltonian function of system (5) can be obtained in the following form:
and the three-dimensional surface of Hamiltonian function in {x,y,H(x,y)} space is plotted for α = −1, β = 2, as shown in Fig. 2(a) . With the help of Hamiltonian function (7), the trajectories of system (5) can be classified by means of H(x, y) = h. In order to understand the trajectories of phase portraits as the parameter h vary, we define the trajectories as Γ h = {(x, y)|H(x, y) = h}. Γ h represents a pair of closed orbits for h ∈ (−(α + β) 2 /2β, 0);
2 /2β, Γ h shrinks into the pair of equilibria (x 4,5 , y 4,5 ). On the other side, Γ h extends into a double homoclinic orbits connecting the equilibrium (x 1 , y 1 ) for h = 0. While h ∈ (0, −2α), Γ h gives the large closed orbit encircling the equilibria (x 1 , y 1 ), (x 4,5 , y 4, 5 ) and Γ h extends into a double connected homoclinic orbits of second type connecting the equilibria (x 2 , y 3 ) and (x 3 , y 3 ), when h = −2α. It is worth noticing, that this large closed orbit for Γ h∈(0,−2α) does shrink itself into the double homoclinic orbits of first type as h → 0 + , on the contrary, it does extend itself into the double homoclinic orbits of second type as h → (−2α)
− . While h > −2α, the double homoclinic orbits of second type Γ h=−2α divide into a pair of wavelike trajectories near the homoclinic orbits of second type. Take α = −1 and β = 2 for example, the detailed classification for the trajectories of phase portraits are shown in Fig. 2(b) .
The double connected homoclinic orbits of first type denoted by hom1, for h = 0, can be written in the parametric form as:
and is plotted for α = −1 and β = 2 in Fig. 2 (c) and (d) with dashed line. Similarly, the double connected homoclinic orbits of second type marked by hom2, for h = −2α, can be written in the parametric form as:
and is displayed for α = −1 and β = 2 in Fig. 2 (c) and (d) with solid line. For ξ = δ = 0, the cylindrical form (4) is given by (10) .
The equilibria of system (10) can be easily derived by letting
. Z = 0, and written as:
Multiplying both sides of the second and third equation by the first equation in system (10) leads to:
X.
Integrating both sides of system (12), the Hamiltonian function of system (10) can be derived:
The phase portraits plotted via Hamiltonian function (13) H(X, Y, Z) = h is shown for α = −1 and β = 2 in Fig. 3(a) . It is more interesting that a pair of homoclinic orbits of the first type connecting the saddle point (X 1 , Y 1 , Z 1 ) and the second type connecting the saddle point (X 2 , Y 2 , Z 2 ), (hom1 and hom2), are co-existed in Fig. 3(a) . The homoclinic orbits of the first type connected Fig. 3 . When α = −1 and β = 2: (a) cylindrical phase portraits: a pair of homoclinic orbits of the first (hom1) and the second type (hom2) with saddles at (±1, 0, 0) and centers at (1/2, ± √ 3/2, 0).
(t) for a pair of homoclinic orbits of the first (dashed line) and the second type (solid line) the equilibrium (X 1 , Y 1 , Z 1 ), for h = 0, can be written in the parametric form as:
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The homoclinic orbits of the second type connected the equilibrium (X 2 , Y 2 , Z 2 ), for h = −2α, can be written in the parametric form as
Based upon Eq. (14) and Eq. (15), a pair of homoclinic orbits of the first (dashed line) and the second type (solid line) are plotted in Fig. 3(b) , (c) and (d).
Perturbed dynamics
In this section, a double Andronov-Hopf bifurcation [19] , two saddlenode bifurcations of periodic orbits [20] and a pair of homoclinic bifurcations [21] are investigated for a given set of parameters by using analytical analysis and numerical calculation.
Double Andronov-Hopf Bifurcation
Andronov-Hopf bifurcation of nonlinear dynamical system has been paid close attention widely over the last decade. It is a phenomenon, which consists of a family of limit cycles bifurcating from an initially stable (or nonhyperbolic) equilibrium.
Then, we need to analyze the equilibrium points and their stability for the perturbed system (3). For | α | < β, the Jacobian matrix of the unperturbed system (3) at equilibria (x i , y i )| i=1,2···5 can be derived as
The characteristic equation of Jacobian matrix yields:
It is clear, that equilibrium (x 1 , y 1 ) is a saddle point with the eigenvalues 
The Jacobian matrix for system (3) at (x 4,5 , y 4,5 ) is given by:
The characteristic equation yields:
It is worth pointing out, that the equilibria (x 4,5 , y 4,5 ) are stable focus for p 0.
On the other hand, the equilibria (x 4,5 , y 4,5 ) are unstable focus when p > 0.
It is found that system (3) has two semi-simple eigenvalues λ 1,2 = ± √ q i for p = 0, the double Andronov-Hopf bifurcation occurs on ξ/δ = α 2 /β 2 . It is a necessary condition for Andronov-Hopf bifurcation.
Homoclinic Bifurcation
Here, we provide the details of Melnikov analysis for the system (3), expository discussions of theory can be found in [22, 23, 24] . Then, we introduce following notation in system (3):
T r(DF ) = T r 0 1 cos x(α + β cos x) − β sin 2 x 0 = 0, and
where
T , the corresponding Melnikov function for the homoclinic orbits of the first and second type is given by:
Eq. (16) can be rewritten as
It is worth pointing out, that the homoclinic bifurcations of the first and second type occur on M hom1 (ξ, δ) = 0 and M hom2 (ξ, δ) = 0, respectively.
Closed Orbits Bifurcation
In order to analyze multiple bifurcations and different types of limit cycles of system (3), we need to discuss the number of zero solutions of subharmonic Melnikov function. Let (x(t), y(t)) represent the closed periodic orbits inside or outside a pair of homoclinic loops Γ h=0 and Γ h=−2α . The Hamiltonian function is defined by Eq. (7), now the closed orbit H(x(t), y(t)) = h is satisfied with period T. Thus, the subharmonic Melnikov function can be obtained as:
Let M (h) = 0, we have: The function P (h) can be rewritten as:
For a given closed orbit to remain after perturbation, we only require M (h) = 0 or P (h) = 0. When H(x(t), y(t)) = h, the Hamiltonian function (7) can be expressed y as a function of x: (24) y(x) = ± 2h − 2α cos x + β sin 2 x + 2α.
For y(x) = 0, the trajectory of system (5) intersects the x -axis at
Furthermore, the turning points (a i , b i ) i=1,2,3 can be obtained and classified in the following form:
(ii) h ∈ [0, −2α),
(iii) h ∈ [−2α, +∞),
Take α = −1 and β = 2 for example, the turning points (a i , b i ) i=1,2,3 are marked with solid circles in the Fig. 2(b) .
Multiple Bifurcations and Limit cycles
Then, we can analyze the zeros of P (h) and the associated level curves P (h) = ζ to investigate the number of limit cycles by using numerical integral method for α = −1 and β = 2. Therefore, the zeros of M (h) can be determined by the intersection points of P (h) and the level line P (h) = ζ, as shown in Fig.  4 {h, P (h)}. Take α = −1 and β = 2 for example, more detailed classification is as follows:
(1) When ζ ∈ [0, 0.25), there is no point of intersection between the curve P (h) and the level curve P (h) = ζ, which indicates that none closed orbit exists for ζ ∈ [0, 0.25); (2) For ζ ∈ [0.25, b 1 ), the curve P (h) intersects the level curve P (h) = ζ at unique point for h ∈ (−0.25, a 1 ). This implies, for ζ ∈ (0.25, b 1 ), there exist two closed orbits for h ∈ (−0.25, a 1 ), encircling the singular points (x 4 , y 4 ) and (x 5 , y 5 ), respectively; (3) Enlarging ζ to b 1 with P ′ (a 6 ) = 0 (P ′ (h) = ∂P (h)/∂h), the curve P (h) and the level curve P (h) = ζ intersect at two points for h = a 1 , h = a 6 . This suggests, for ζ = b 1 , there exist three closed orbits, two for h = a 1 , encircling the singular points (x 4 , y 4 ) and (x 5 , y 5 ), respectively and another one for h = a 6 enclosing the singular points (x 1 , y 1 ) and (x 4,5 , y 4,5 ); (4) When ζ ∈ (b 1 , P (0)), the curve P (h) meets the level curve P (h) = ζ at three points for h ∈ (a 1 , 0), h ∈ (a 5 , a 6 ) and h ∈ (a 6 , a 7 ). There exist four closed orbits, two large closed orbits, encircling the singular points (x 1 , y 1 ) and (x 4,5 , y 4,5 ) for h ∈ (a 5 , a 6 ) and h ∈ (a 6 , a 7 ) and two small 
a b 8 2 lhopf lc1 lhom1 lhom2 lc2 Fig. 4 . The graph of curve P (h) with associated preserved level curves P (h) = ζ closed orbits, encircling the singular points (x 4,5 , y 4,5 ) for h ∈ (a 1 , 0), respectively; (5) For ζ = P (0), P (h) and P (h) = ζ intersect at three points for h = 0, h = a 5 and h = a 7 . This indicates, for ζ = P (0), there exist two large orbits, encircling the singular points (x 1 , y 1 ) and (x 4,5 , y 4,5 ) for h = a 5 , h = a 7 and the homoclinic orbits of first type for h = 0; (6) Then ζ ∈ (P (0), P (2)), P (h) and P (h) = ζ meet at three points for h ∈ (0, a 2 ), h ∈ (a 4 , a 5 ) and h ∈ (a 7 , 2). This means, that there exist three large orbits, encircling the singular points (x 1 , y 1 ) and (x 4,5 , y 4,5 ); (7) When ζ = P (2), P (h) intersects P (h) = ζ at three points for h = a 2 , h = a 4 and h = 2. This implies, for ζ = P (2), there exist two large closed orbits, encircling the singular points (x 1 , y 1 ) and (x 4,5 , y 4, 5 ) and the homoclinic orbits of the second-type, connecting the singular points (x 2 , y 2 ) and (x 3 , y 3 ); (8) While ζ ∈ (P (2), b 2 ), P (h) and P (h) = ζ intersect at three points for h ∈ (a 2 , a 3 ), h ∈ (a 3 , a 4 ) and h ∈ (2, a 8 ). This means, for ζ ∈ (P (2), b 2 ), there exist two large rotational closed orbits and two large closed orbits, encircling the singular points (x 1 , y 1 ) and (x 4,5 , y 4,5 ); (9) When ζ = b 2 with P ′ (a 3 ) = 0, P (h) intersects P (h) = ζ at two points for h = a 3 and h = a 8 . It is found, that there exist two large rotational closed orbits and one large closed orbit, encircling the singular points (x 1 , y 1 ) and (x 4,5 , y 4,5 ); (10) For ζ ∈ (b 2 , +∞), P (h) and P (h) = ζ intersect at one point for h ∈ (a 8 , +∞). This implies, for ζ ∈ (b 2 , +∞), there exist two large rotational closed orbits for h ∈ (a 8 , +∞).
Then, we define:
as the bifurcation diagrams for system (3) in parameter space {ξ, δ} plane. To illustrate the above theoretical analysis, the bifurcation diagram Σ is plotted in Fig. 5 (Σ):
(1) The double Andronov-Hopf bifurcation l hopf with solid line:
(2) The first saddle-node bifurcation of periodic orbits bifurcation l c 1 marked dashed line: 
The homoclinic bifurcation of the first type l hom1 , marked dotted line:
(4) The homoclinic bifurcation of the second type l hom2 with thick dotted Fig. 6. (a) . A pair of small oscillating limit cycles for double Andronov-Hopf bifurcation; (b). the homoclinic orbits of first type and two large oscillating limit cycles; (c). the homoclinic orbits of second type and two large oscillating limit cycles; (d). the coexistence of large oscillating limit cycles and rotational limit cycles line,
The second saddle-node bifurcation of periodic orbits bifurcation l c 2 denoted thick dashed line,
It is worth pointing out, that the bifurcation curves divide the two dimensional parameter space {ξ, δ} into six persistence regions, denoted as I, II, III, IV, V and VI, respectively. Meanwhile, the stability, the number and position of the limit cycles in every region and bifurcation curves are displayed in Fig. 5(a) -(j). When (ξ, δ) locates into region I, three saddles (x 1,2,3 , y 1,2,3 ) and two stable focusses (x 4,5 , y 4,5 ) are displayed without limit cycle, as shown in Fig. 5(a) . When (ξ, δ) touches the branch l hopf , there appears a double Andronov-Hopf bifurcation at the equilibria (x 4,5 , y 4,5 ) in Fig. 5(b) , which bifurcates into a pair of small oscillating limit cycles (stable), encircling the equilibria (x 4 , y 4 ) and (x 5 , y 5 ), respectively, when (ξ, δ) enters into region II. While (ξ, δ) touches the branch l c 1 , there appears one saddle-node bifurcation of periodic solution in Fig. 5(c) . It is found, that there exist semi-stable large oscillating limit cycles, encircling the equilibria (x 1 , y 1 ) and (x 4,5 , y 4,5 ), marked dotted line, coexisted with the pair of small oscillating limit cycles, encircling the equilibria (x 4 , y 4 ) and (x 5 , y 5 ), respectively.
As (ξ, δ) crosses the branch l c 1 and locates into region III, the semistable limit cycles bifurcate into two large oscillating limit cycles, encircling the equilibria (x 1 , y 1 ) and (x 4,5 , y 4,5 ). One of them is stable denoted by solid line, the other is unstable marked by dashed line. Meanwhile there are a pair of stable small oscillating limit cycles, encircling the equilibria (x 4 , y 4 ) and (x 5 , y 5 ), respectively, as shown in Fig. 5(d) .
A pair of stable small oscillating limit cycles encircling the equilibria (x 4 , y 4 ) and (x 5 , y 5 ) extend into a double-connected homoclinic orbits of the first type (hom1), encircling the pair of unstable focusses in Fig. 5(e) . A pair of large oscillating limit cycles encircling the equilibria (x 1 , y 1 ) and (x 4,5 , y 4,5 ) can be plotted outside of the homoclinic orbits of the first-type with solid line (stable) and dashed line (unstable).
When (ξ, δ) across l hom1 into region IV, this double-connected homoclinic orbits of the first type bifurcates into a stable large oscillating limit cycle, encircling the pair of the unstable focuses and the saddle, embraced by a pair of limit cycles with solid line (stable) and dashed line (unstable), as shown in Fig. 5(f) .
When (ξ, δ) crosses the branch l hom2 , the stable large limit cycle on the furthest exterior in Fig. 5(f) extend into a double-connected homoclinic orbits of the second type (hom2) connecting the saddle (x 2 , y 2 ) and (x 3 , y 3 ) in Fig. 5(g) . It is noting, that there are a pair of oscillating limit cycles with solid line (stable) and dashed line (unstable) encircling the equilibria (x 1 , y 1 ) and (x 4,5 , y 4,5 ) inside the double-connected homoclinic orbits of the second type.
When (ξ, δ) crosses the branch l hom2 and locates into the region V, branch l c2 and VI, the double-connected homoclinic orbits of the second type bifurcate into a pair of rotational limit cycles above and below the homoclinic orbits, as shown in Fig. 5(h)-(j) . It is clear, that a pair of oscillating limit cycles with solid line (stable) and dashed line (unstable) encircling the equilibria (x 1 , y 1 ) and (x 4,5 , y 4,5 ) in Fig. 5 (h) concentrate in a semi-stable oscillating limit cycles with dotted line in Fig. 5(i) and then disappear in Fig. 5(j) .
In order to more deeply understand multiple bifurcations and different types of limit cycles, we introduce cylindrical phase portraits to clearly describe the double Andronov-Hopf bifurcation, the homoclinic bifurcations and the coexistence of oscillating and rotational limit cycles, by means of the cylindrical system (4), as shown in Fig. 6 . Due to the double Andronov-Hopf bifurcation, a pair of stable limit cycles can be found near equilibria (1/2, √ 3/2, 0) and (1/2, − √ 3/2, 0) in Fig. 6(a) . Figure 6(b) shows the homoclinic bifurcation of first type, including a homoclinic orbits of first type connecting the equilibria (1, 0, 0) and two limit cycles, encircling the equilibria (1, 0, 0), (1/2, ± √ 3/2, 0). Figure 6 (c) displays the homoclinic bifurcation of second type, including a homoclinic orbits of second type connecting the equilibria (−1, 0, 0) and two limit cycles encircling the equilibria (1, 0, 0), (1/2, ± √ 3/2, 0). It is most interesting that the homoclinic orbits of the second type can bifurcate into a pair of rotational limit cycles around the unit cylinder, coexisting with a stable limit cycles with thick solid line and a unstable limit cycles with thick dash line, as shown in Fig. 6(d) . The number and the stability of limit cycles in every region and bifurcation curve are listed in Tables 1 and 2 , respectively. The limit cycle 1, limit cycle 2 and limit cycle 3 represent three kinds of limit cycles, small oscillating limit cycle, encircling one singular point, large oscillating limit cycle, encircling three singular points and rotational limit cycle, surrounding unit cylinder, respectively. The double hom1 and double hom2 are on behalf of the double homoclinic orbits of first and second type. Meanwhile, the stability of limit cycles could be divided into stable, unstable and semi-stable, denoted by S, U and S in Tables 1 and 2 , respectively.
Conclusions
In this paper, we have studied multiple bifurcations of a tipically cylindrical dynamical system, whose unperturbed system bears the coupling dynamics property of the bistable state and the conventional pendulum with the homoclinic orbits of the first and second type. In the perturbed system, a double Andronov-Hopf bifurcation, a pair of homoclinic bifurcations and two saddle-node bifurcations of periodic orbits have been investigated by using the analytical analysis and numerical calculation. The number, position and stability of all the oscillating and rotational limit cycles are given as the perturbed parameters vary. It has been shown, that the homoclinic orbits of the second type can bifurcate into a pair of rotational limit cycles, coexisting with the oscillating limit cycle for a given set of parameters. Meanwhile, we have discovered that there are four limit cycles in this cylindrical dynamical system. The contribution of this work is to provide a typical example to reveal the complex dynamic bifurcation and different types of limit cycles of cylindrical dynamical system. All the results related to the perturbed system are obtained by the fourth order Runge-Kutta method, which ensures the accuracy of the computation.
